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Bounds on the coupling of the Majoron to light neutrinos from supernova cooling

Yasaman Farzan
Stanford Linear Accelerator Center, 2575 Sand Hill Road, Menlo Park, California 94025
and Scuola Internazionale superiore di Studi Avanzati, via Beirut 4, I-34014 Trieste, Italy
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We explore the role of Majoron~J! emission in the supernova cooling process, as a source of the upper
bound on neutrino-Majoron coupling. We show that the strongest upper bound on the coupling tone comes
from the nene→J process in the core of a supernova. We also find bounds on diagonal couplings of the
Majoron to nm(t)nm(t) and on off-diagonalnenm(t) couplings in various regions of the parameter space. We
discuss the evaluation of the cross section for four-particle interactions (nn→JJ andnJ→nJ). We show that
these are typically dominated by three-particle subprocesses and do not give new independent constraints.
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I. INTRODUCTION

The solar and atmospheric neutrino observations prov
strong evidence in favor of neutrinos being massive. Th
experiments are sensitive only to mass squared differe
@1#; on the other hand, the overall mass scale of neutrino
strongly constrained by the Troitsk and Mainz experime
@2#. Combining these pieces of information, we conclude t
the masses of the three active neutrinos are very sm
Among the plausible and economic models that have b
developed to give a tiny mass to neutrinos are Majoron m
els @3,4#. In these models, additional Higgs boson~s! are in-
troduced such that their vacuum expectation values break
exact B2L symmetry of the model. The Goldstone bos
associated with this symmetry breaking is called the Majo
particleJ.

In principle, Majoron particles can interact with matter—
electrons, nuclei and photons. However the cooling of
giant stars provides a strong bound on these interactions@5#.
Hereafter, we will assume that Majorons can interact o
with neutrinos. In the literature, two types of Majoron inte
action have been studied:

Lint5
1
2 J~gabFa

Ts2Fb1gab* Fb
†s2Fa* ! ~1!

and

Lint5habFa
† s̄•~]J!Fb , ~2!

whereJ is the Majoron field,Fb is a two-component repre
sentation of a neutrino of flavorb, andgab and hab are 3
33 coupling matrices. The matrixhab is Hermitian while
gab is a symmetric matrix. In the model@3#, for a range of
parameters, the interactions can be described by Eq.~1! ~see
the Appendix of Ref.@6#!. In this paper, we will use this form
of the interaction; however, as we will see later, in mo
cases our results apply for both forms. Also, we will n
assume any special condition on the diagonal or off-diago
elements ofgab . Since we have chosen a general approa
our results apply to any massless scalar field that has
interaction of the form given by Eq.~1!, independent of the
underlying model for it.
0556-2821/2003/67~7!/073015~15!/$20.00 67 0730
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Majoron models are also interesting from the astrophy
cal point of view, because they provide the only mechani
for fast neutrino decay, which has not yet been excluded~@7#
and the references therein!. The role of neutrino decay in the
solar@8# and atmospheric@9# neutrino fluxes has been exten
sively studied. The possibility of explaining the anomalies
pure neutrino decay is excluded. In Ref.@10#, decay of solar
neutrinos along with oscillation has been discussed and, f
normal hierarchical neutrino mass scheme, it was found

ug21u25U(
a,b

gabUa2* Ub1U2

<331025S 1025 eV2

Dmsun
2 D .

In Ref. @11#, the different aspects and consequences
decay of neutrinos emitted by supernovae have been stud
Future supernova observations can provide strong bound
~or evidence for! neutrino decay and consequently on t
Majoron coupling, provided that the uncertainties in sup
nova models are resolved.

If Majorons are coupled to neutrinos strongly enoug
they can show up inbb-decay experiments, changing th
spectrum of the final electrons. Nonobservation of such
effect imposes a strong bound on the coupling constant@12#:

ugeeu,331025.

Also, no sign of Majoron particles has been observed
pion and kaon decays and therefore@13#

(
l 5e,m,t

ugelu2<331025 and (
l 5e,m,t

ugm l u2<2.431024.

The strongest bounds on neutrino-Majoron coupling
obtained by studying the role of these particles in a sup
nova explosion. In fact, three types of bounds are obtain

~i! Deleptonization. If the couplingugeeu is too large, Ma-
joron emission can reduce the lepton number of the core
supernova viane→ n̄eJ, preventing the emission of an in
tense observable photon flux. In@14–17# this effect was
studied; the result is

ugeeu,231026.
©2003 The American Physical Society15-1
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YASAMAN FARZAN PHYSICAL REVIEW D 67, 073015 ~2003!
This bound strongly depends on the details of the supern
explosion model.

~ii ! Spectrum distortion. The production and absorption
the Majoron particle can affect the spectrum of the obser
neutrino flux from a supernova explosion. This effect w
studied in Refs.@17#, @15# and the result is

ug11u5U(
a,b

Ua1* Ub1gabU,1024.

This result suffers from the low statistics of the SN198
data and can be improved by future supernova observati

~iii ! Energy loss. According to@18#, the binding energy of
a supernova core isEb5(1.5– 4.5)31053 erg, which coin-
cides very well with the energy emitted by SN1987a in 1–
s in the form of neutrinos. Hence the power carried away
any exotic particle such as a Majoron cannot be larger t
;1053 erg/s. This imposes strong bounds on the coupling
Majorons. The effect of energy transfer due to Major
emission has been studied in a number of pap
@14,15,6,19–21#.

In the presence of matter effects, a number of three-p
processes that are kinematically forbidden in vacuum
come allowed. For example, neutrino decay becomes
sible even in the absence of neutrino masses. Also, neu
annihilation into a massless Majoron,nn→J, becomes kine-
matically allowed. The latter process has not been taken
account in previous studies. We will see that this is actua
the dominant process contributing to energy loss in a su
nova explosion. Previous studies must be reconsidere
take this effect into account.

In addition, the previous papers either considered onlygee
or studied the Majoron couplings collectively without atte
tion to the interplay of diagonal and off-diagonal coupling
In this paper, we study the effect of Majoron emission in t
cooling process of supernova cores, considering all the
evant processes. We find that, even for very small value
coupling, interplay of different processes may change
neutrino densities inside the supernova, evading the bou
that would be valid without this effect.

If the couplings are larger than some ‘‘lower’’ bound
Majorons will be so strongly trapped inside the superno
that they cannot give rise to significant luminosity. Note th
these ‘‘lower’’ bounds should be much larger than the limit
which Majorons start to become trapped. For such large
ues of coupling, Majoron production can completely chan
the density profile of the core by transferring energy betw
different layers and by changing lepton numbers. In this
per we discuss Majoron decay and all other processes
prevent energy transfer by Majoron particles and derive
limits on coupling constants above which the produc
Majoron cannot leave the core without undergoing scatte
or decay. We do not attempt to calculate any ‘‘lower’’ bou
on the coupling constants, because for large values of c
plings the density distributions inside the core need to
recalculated. However, we evaluate four-point proces
which become important for large values of coupling co
stants. In summary, there is an ‘‘upper’’ bound on coupli
below which the rate of Majoron production is so low that
07301
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cannot affect the evolution of supernovae. The values of c
pling above the ‘‘upper’’ bound up to a ‘‘lower’’ bound ar
not allowed. However, the values of coupling above t
‘‘lower’’ bound ~which are also higher than the ‘‘upper
bound! are not forbidden by supernova cooling consid
ations because for such values of coupling Majorons can
escape the core freely. The forbidden range is then betw
the ‘‘upper’’ and ‘‘lower’’ bounds. In Fig. 1, we illustrate al
the bounds onugeeu to clarify the meaning of the ‘‘upper’’
and ‘‘lower’’ bounds. The shaded area is excluded by
supernova cooling process.

This paper is organized as follows. In Sec. II, we calcul
the cross section of the relevant processes. In Sec. III,
briefly review the characteristics of the core. In Sec. IV, w
derive the bounds on the coupling constants and the va
above which the produced Majoron will scatter before lea
ing the core. Conclusions are presented in Sec. V.

II. MAJORON INTERACTIONS

In this section we first introduce the Lagrangian. Then,
Sec. II A, we derive the formula for the neutrino propaga
and the dispersion relation in the presence of matter.
interaction rates for different processes involving Majoro
are derived in Sec. II B.

In the presence of matter, the Lagrangian of neutrinos

FIG. 1. Bounds ongee from supernova cooling~upper lines! and
lab observations~lower lines!. Line a shows the ‘‘upper’’ bound on
gee from thenene→J process in the supernova core@see Eq.~42!#
while line b represents the ‘‘upper’’ bound fromn̄e→neJ @14#. Line
c shows the ‘‘lower’’ bound which is derived without considerin
the effect of the four-point processes@14#. Line c gives the ‘‘lower’’
bound according to@15#; we have argued that this is an overestim
tion. Thus we expect the true ‘‘lower’’ bounde to be between lines
c andd. The range of parameters between the ‘‘upper’’ and ‘‘lowe
bounds~the horizontally shaded area! is excluded by supernova
considerations. Linef represents the upper bound from double b
decay@12# and the whole region to its right~the vertically shaded
area! is excluded. Linesg andh represent the upper bounds derive
from solar neutrinos@10# and kaon decay@13#, respectively. Note
that the boundf from solar data applies tog21 rather thangee; we
have included this line to compare the orders of magnitude of
ferent bounds. We have not resolved whether the ‘‘lower’’ boune
lies above or belowf; in the latter case, there is a small allowe
region between the two bounds.
5-2
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be written in the two-component formalism as

L5Fa
†~ idabs̄•]2Vab!Fb2

mab

2
~Fa

TCFb2Fb
†CFa* !,

~3!

whereC5 is2 , a andb are flavor indices,s̄5(1,2sW ), and
mab is the symmetric Majorana mass matrix. The te
Fa

†VabFb represents the matter effect. This term has a p
ferred frame, the frame of the supernova. In the flavor ba
V is a diagonal matrix;V5diag(Ve,Vm ,Vt) with

Ve5VN1VC , Vm5Vt5VN , ~4!

where

VC5&GFnB~Ye1Yne
!, VN5&GFnB~2 1

2 Yn1Yne
!,
~5!

Yi5(ni2n̄i)/nB , andnB is the baryon density@22#.1 In Eq.
~5!, the Yne

-dependent terms are the result of neutrin
neutrino scattering. Since, in the medium of interest~the su-
pernova core!,2 nnm

5nn̄m
andnnt

5nn̄t
, the correspondingY

parameters vanish and have been omitted from Eq.~5!. In
Ref. @24# it is shown that due to loop effects the values ofVm
andVt are slightly different; however, the difference is ne
ligible: Vm2Vt.531025Ve @25#. In a typical supernova
core,Vm andVe are of the order of 10 eV and 1 eV, respe
tively.

For the interaction term, we invoke the form of Eq.~1!.
But we note that the derivative form of the interaction in E
~2! can be rewritten using the equations of motion as

2 ihabmbgFa
†CFg* J2 ihabmgaFg

TCFb .

Thus, for processes in which all of the involved states are
shell ~in particular, neutrino and Majoron decay,nn→J and
nJ→n) the two forms of interaction give the same resu
with the replacement

gab→~hagmgb1maghgb
T !. ~6!

As we will see, the most important processes involve o
on-shell particles. Therefore all of the bounds in this pa
apply for both derivative and pseudoscalar forms of the
teraction.

The Majoron is a Goldstone boson associated withexact
B2L symmetry so in vacuum it is massless. Inside the
pernova core the Majoron obtains a tiny effective massmeff
due to elastic scattering off the background neutrinos. It

1It is shown in Ref.@23# that, if the neutrinos present in a mediu
are coherent superpositions of different flavor states, the
diagonal elements ofVab can be nonzero. However, inside the inn
core the densities ofne andnm are different and the densities ofnm

andnt are very low and equal to the densities ofn̄m and n̄t , so the
off-diagonal terms vanish.

2In Sec. III, we will see that these equalities are only appro
mately true@30#.
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be shown thatmeff
2 ;ugu2Nn /q whereq is the typical momen-

tum of the particles involved. For the values of couplin
constants of order of the upper bounds the effective mas
the Majoron is negligible (meff

2 /q!Ve). The effective mass
can be considerable only ifugu*531024.

A. The propagators and the dispersion relation

After straightforward calculations, we find

(
s,g

F ~ s̄•p2Va!das2
magmgs

p•s1Vg
G^Fs~p!Fb

†~2p!&5 idab ,

~7!

^Fa* ~p!Fb
†~2p!&5(

g
C

mag

p•s1Va
^Fg~p!Fb

†~2p!&,

~8!

and

^Fa~p!Fb
T~2p!&5(

g
mbg^Fa~p!Fg

†~2p!&
21

p•s1Vb
C,

~9!

where all of the subscriptsa, b, g, ands denote$e,m,t%. As
we will see, the diagrams in which these propagators
involved are important mainly whenupu&Va , so the effect
of Va must be treated nonperturbatively. If the mass scale
neutrinos is high (mn@ADm2), the masses are
quasidegenerate:3 mab.mndab . In this case the formulas
are simpler:

^Fa~p!Fb
†~2p!&5

2 idab

mn
22~p•s1Va!~p•s̄2Va!

3~p•s1Va!, ~10!

^Fa* ~p!Fb
†~2p!&5C

2 imndab

mn
22~p•s1Va!~p•s̄2Va!

,

~11!
and

^Fa~p!Fb
T~2p!&5

imndab

mn
22~p•s1Va!~p•s̄2Va!

C.

~12!

Now let us find the dispersion relation. The Lagrangi
~3! yields

Fa~p!†~2p•s̄2Va!5(
b

mabFb
T~p!C ~13!

and

~p•s̄2Va!Fa~p!52(
b

mabCFb* . ~14!
f-

- 3A proposed tritium decay experiment, KATRIN@26#, may be able
to determine the mass scale.
5-3
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Expanding the states as

Fa~p!5 (
h521,1

ua~h,p!aa~h,p!1va
†~h,p!aa

†~h,p!

for which sW •pW ua(h,p)5hupW uua(h,p), we find

va~h,p!5(
b

mabub
T C

p02hupW u1Va
, ~15!

ua~h,p!5
21

p01hupW u2Va
(
b

mabCvb
T~h,p!,

~16!

and

~p01hupW u2Va!ua~h,p!5(
bg

mabmbg

~p02hupW u1Vg!
ug~h,p!.

~17!

To find the dispersion relation and energy eigenstates
should solve Eq.~17!. Note that the dispersion relation de
pends on helicity.

For m2/p!V!p, one can easily show that

pa
0.p2hVa1(

b

mab
2

2p
~18!

and that the mixing among the flavors is of the order
m2/2p(Vb2Va)!1, which can be neglected.

B. The relevant decays and interactions

In this subsection we first discuss the processes that
duce Majorons; then we study those that annihilate or sca
them. For illustrative reasons, in the following discussio
we ignore mixing~i.e., off-diagonal terms in both couplin
and mass matrix! and we denote the coupling, mass, a
effective potential byg, m, and V, neglecting their flavor
indices. In the cases that generalization is not straight
ward, we will discuss the relevant steps. Before beginn
the detailed analysis, we should discuss an important con
tual point. As we see in Eq.~18!, the dispersion relation fo
neutrinos inside supernovae is different from that in vacuu
and hence some reactions that are kinematically forbidde
vacuum can take place in the supernova core. As we will
the decayn̄→n1J and the interactionnn→J ~or n→ n̄J and
n̄ n̄→J depending on the sign ofV) are kinematically al-
lowed.

In addition to these three-point interactions, there
other interactions that produce Majorons:n1n→J1J and
n̄1 n̄→J1J; n1 n̄→J1J. As we will see, the effect of the
four-point interactions is negligible.

1. n̄\n¿J or n\n̄¿J

In medium, if V is negative~positive!, the decayn̄→n
1J (n→ n̄1J) is possible. Let us supposeV,0; then, with-
out loss of generality, we can write
07301
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pn̄5~pi2V,0,0,pi !, pn5~pf1V,pf sinu,0,pf cosu!,

where we have neglected corrections of order ofm2/pi!V.
Energy-momentum conservation implies that

pJ5~pi2pf22V,2pf sinu,0,pi2pf cosu!.

Recalling that we have neglected the effective mass of
Majoron, the processn̄→n1J is kinematically allowed if
and only if pJ

250 and all the zeroth components of the fou
momenta are positive.pJ

250 implies that

12cosu5
4V222V~pi2pf !

2pipf
. ~19!

For uVu,pf,pi , the above equation can be satisfied with
of the energies positive. This means that the process is k
matically allowed.

Restoring flavor indices, it can be shown that forVb
1Va,0 the rate ofn̄a→nb1J is given by

dG

dpf
5

ugabu2

8p

pi2pf

pi
2 uVa1VbuFb

F~pf !1OS m2

p2 D , ~20!

where pi and pf are the momenta of the initial and fina

neutrinos, andpf extends from max(12uVa1Vbu,2Vb) to pi .
In the equation, we have also included the Fermi factor

Fb
F~pf !5S 12

1

e~E2m!/T11D ,

which reflects the fact that inside the supernova some st
have already been occupied by neutrinos.

Similarly, for Va1Vb.0, the processna→ n̄b1J can
take place. The decay rate is given by Eq.~20! replacing
Fb

F(pf) with Fb
F(pf). The range of pf extends from

max(12uVa1Vbu,Vb) to pi .

2. n¿n\J or n̄¿n̄\J

In vacuum, the processesn1n→J and n̄1 n̄→J are not
kinematically allowed. However, in medium, whereV is
negative~positive! the processn1n→J ( n̄1 n̄→J) can oc-
cur. Let us supposeV,0 and study the possibility ofn1n
→J. Without loss of generality, we can write the fou
momenta of the initial neutrinos as

p15~p11V,0,0,p1!, p25~p21V,p2 sinu,0,p2 cosu!,

for which p11V and p21V are both positive. Energy
momentum conservation implies that

pJ5~p11p212V,p2 sinu,0,p11p2 cosu!.

Recalling that we have neglected the effective mass of
Majoron, the processn(p1)1n(p2)→J(pJ) will be kine-
matically allowed if and only ifpJ

250 or

12cosu52
2V212V~p11p2!

p1p2
, ~21!
5-4
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which can be satisfied forp1 ,p2.uVu.
NeglectingV2/p2 effects, forVa1Vb,0, it can be shown

that the cross section ofnanb→J is given by

s5
~2p!ugabu2

4p1
2p2

2uv12v2u
~p11p2!uVa1Vbud~cosu2cosu0!,

~22!

wherep1 andp2 are the momenta of the two initial particle
u is the angle between them, and cosu0512uVa1Vbu(p1
1p2)/p1p2.

Similarly, it can be shown that forVa1Vb.0, instead of
na1nb→J, the processn̄a1 n̄b→J can take place, with the
cross section again given by Eq.~22!.

3. The processn¿n̄\J¿J

For reasons that will become clear in a moment, we a
lyze n andn̄ as wave packets rather than as plane waves.
us ignore the neutrino mass for simplicity. Then, calculat
diagram~c! in Fig. 2, we find

FIG. 2. Diagrams~a! and ~b! are the dominant three-point pro
cesses and are possible only forV,0. Diagrams~c! and~d! are the
subdominant diagrams and can take place for any value ofV.
07301
a-
et
g

2p iM5~2p!4~ ig !~2p!4~ ig* !
1

~2p!6

1

A4k1
0k2

0

3E E f ~p2!uT~p2!s2

1

~2p!4

3S q02V2qW •sW

~q02V!22uqW u21 i e
22p$u~2q0!

1e~q0!@12FF~q0!#%d@~q0!22~q1V!2# D
3s2n~p1! f̄ ~p1!d3p1d3p21~k1↔k2!, ~23!

where k1 and k2 are the momenta of the Majorons an
* f (p2)up2&d

3p2 and * f̄ (p1)up1&d
3p1 represent the state

of the neutrino and antineutrino, respectively. In Eq.~23!,
q5k22p2 and we have considered the matter effects in
propagator;

FF~q0!5121/$exp@~q02m!/T#11%

is the Fermi factor.
For both positive and negativeV, in the vicinity of (kW1

5pW 1 ,kW25pW 2) and (kW15pW 2 ,kW25pW 1), there are poles that ar
nonintegrable singularities. Without the wave packets,
total cross section would be divergent. Settingmn nonzero
just shifts the pole a little bit and does not solve this proble
This is because for negative~positive! V, the processesn̄
→n1J and n1n→J (n→ n̄1J and n̄1 n̄→J) can take
place on shell, so the singularity is indeed a physical o
Essentially, forV,0 the reactionnn̄→JJ can proceed in
two steps; first,n̄→nJ, and later, at a completely distan
place,nn→J. In other words, the total cross section has tw
parts: ~i! a ‘‘connected’’ part; ~ii ! a ‘‘disconnected’’ part
which can be considered as two successive three-point
cesses.

Let us now consider in more detail the relation betwe
Eq. ~23! and its component three-point processes. For d
niteness, we consider the caseV,0. We have explained tha
the reactionn̄n→JJ contains a subprocess that factorizes

E
q
^J1J2unn~q!J1&^n~q!J1un̄&.

More explicitly, the factorized amplitude takes the form
2p iM5
2gg*

~2p!6A4k1
0k2

0 E E E E E
t

2tE
2t

t

f ~p2!u~p2!ei @~pW 22kW2!•xW22~p2
0
2k2

0
!x2

0
#

3s2

1

~2p!3 E q02V2sW •qW

2uqW u
FF~q0!e2 iq0~x2

0
2x1

0
!eiqW •~xW22xW1!d~q02V2uqW u!d4q

3s2v~p1! f̄ ~p1!ei @~pW 12kW1!• x̄12~p1
0
2k1

0
!x1

0
#d3p1d3p2dx1

0dx2
0d3x1d3x2 , ~24!
5-5
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where FF(q0)5121/$exp@(q02m)/T#11% represents the
matter effects. In Eq.~24!, t represents the boundaries o
time integrations and therefore it must be very large~i.e., t
*5/V). We have written the time boundaries explicitly
emphasize the causality conditions. Transferring the am
tude for n̄n→JJ @Eq. ~23!# from momentap1 ,p2 to coordi-
natesx1 ,x2 , it can be shown that, for the regionux22x1u
.2t*10/V, these two correspond. Therefore, if the initi
neutrino and antineutrino are localized at distanceR
.10/V, their interaction rate can be calculated by Eq.~24!
instead of Eq.~23!.

Consider n and n̄ which are localized at distanceR
.10/V far from each other. We have shown that their int
action cross section is given byz^J1J2unnJ1&^nJ1un̄& z2. So
this interaction can be considered as two sequential
cesses. Firstn̄ decays intoJ1 and n; then the produced
neutrino propagates a distanceR and annihilates with the
other n into J2 . In other words, to calculate the interactio
probability of two such states, we can considern̄→nJ as an
additional source forn, and consequently the processnn
→J. This can be compared to the more familiar sources
neutrinos like electron capturêJunn&^nnue2p1&.

Of course the set of states that are localized at dista
R.10/V;1029Rcore far from one another is not a comple
set. We should also consider the states that are closer a
have overlap with each other. If we rewrite Eq.~23! in x
coordinates, as we did in Eq.~24!, calculation of the ampli-
tude of two states localized next to each other at distanceR is
easier. For two such states, the integral foruxW12xW2u.10/V
vanishes@because of the specific form off (p1) and f̄ (p2)],
so we can restrict the integration overuxW12xW2u to the interval
(0,10/V). For uq02V2uqW uu@uVu/10, the amplitude for two
states localized atR,10/V far from each other is equal t
the amplitude for states with definite momenta, but foruq0

2V2uqW uu,uVu/10 the amplitude for the two localized stat
is much smaller. This is because in calculation of the am
tude for two states with definite momenta, we encounter
integration *0

`g(x)ei (q02V2uqW u)xdx, which diverges forq0

2V2uqW u→0, but for two states that are localized next
each other the corresponding integration
*0

10/Vg(x)ei (q02V2uqW u)xdx, which is finite. The total cross sec
tion for neutrinos and antineutrinos localized next to ea
other is then given by an angular integral over the squar
Eq. ~23! in which the integration is over all angles exce
those for whichzq02V2uqW uz,uVu/10. Consider the specia
case that the sum of the momenta ofn andn̄ is zero. Setting
the cutoff equal toluVu/10 ~l is an arbitrary number of orde
1! for two such particles we obtain

s tot;
ugu4

8pp1p2uv12v2u F lnS p1p2

~lV/10!2D1
10

l
2

14

4 G .
~25!

Since we have a preferred frame~the frame of the super
nova!, the total cross section is not Lorentz invariant, and
eachn and n̄ the total cross section must be calculated in
pendently. Now consider a pair of a neutrino and an
tineutrino that make a general angle. Then Eqs.~19!, ~21!
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show that in the vicinity of a singularity the momentu
flowing in the propagator is of the order ofuVu ~i.e., uqW u
5upW 22kW2u;uVu). Therefore, for scattering angles such th
(q02V2qW •sW )/@(q02V)22uqW u2#;1/V, the phase factor
@*d3k1d3k2d4(p11p22k22k1)# is of the order ofuVu2/p2.
Thus the total cross section has no strong dependence onuVu,
and for general initial momenta the cross section can be
timated by Eq.~25!.

Here, for simplicity we have dropped the flavor indic
but for the more general case the discussion is similar.

4. The processn¿n\J¿J and n̄¿n̄\J¿J

The discussion ofnn→JJ and n̄1 n̄→J1J can be car-
ried out in a similar way. For quasidegenerate neutr
masses, the amplitude fornn→JJ @see diagram~d! in Fig. 2#
is given by

1

~2p!2A4k1
0k2

0 (g
E E f 1~p1!ua

T~p2!C~ igag!~ iggb!

3
im~m21Vg

21q22q0
212qW •sW Vg!

@m22q0
21~Vg2q!2#@m22q0

21~Vg1q!2#

3 f 2~p2!u~p2!d3p1d3p21~k1↔k2!1A, ~26!

where * f 1(p1)up1&d
3p1 and * f 2(p2)up2&d

3p2 represent
the initial neutrino states,k1 andk2 are the momenta of the
emitted Majorons, andq5k22p2 . The termA summarizes
all of the Fermi effects on the propagator. The amplitude
values ofq for which (q1Vg)22q0

22m2;p1
2,p2

2@m2,Vg
2 is

negligible, and the main contribution to the cross sect
comes from the small solid angle (;V2/p1p2) for which
(q1V)22q0

22m2&V2.
First, let us discuss the processnene→JJ. In general, for

g5m,t, there are singularities that correspond to an on-s
nm or nt . Note that, if pW 1 and pW 2 are parallel or make an
angle smaller than;uVe /Vmu, the singularities disappear. A
for the casen̄n→JJ, we can say that, if the initial states a
localized at distanceR.10/Vm far from each other, the pro
cess nn→JJ is equivalent to two successive process
^nm(t)June& and then^Junenm(t)&. This yields a cutoff of
Vm/10 for calculating the four-point total cross section. No
that, althoughne→J1nm is kinematically allowed (Vm
,Ve), G(ne→Jnm) is suppressed by (m/pne

)2 and in prac-
tice will not have any significant effect.

For g5e, there is no singularity~except for the case tha
one of the Majorons is soft andnene→J is kinematically
possible! and therefore no cutoff is needed. The total cro
section can be estimated as

s tot~nene→JJ!5
1

uv12v2u~2p!2p1p2
FaUgem

2

1get
2 U2S m

Vm
D S m

Vm/10D1bUgeeU4G .
~27!
5-6
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Similarly,

s tot~nenm~t!→JJ!5
1

un12v2u~2p!2p1p2
3Fa8Ugemgmm~t!

1getgtm~t!U2S m

Vm
D S m

Vm/10D
1b8Ugeegem~t!U2G ~28!

and

s tot~nm~t!nm~t!→JJ!5
1

uv12v2u~2p!2p1p2
~a9ugmm~t!

2

1gtm~t!
2 u21b9ugem~t!u4!, ~29!

with b, b8, b9, a, a8, and a9 of order 1. In Ref.@20#,
s tot(nene→JJ) was calculated, ignoringV and the off-
diagonal elements of the coupling matrix. The result agr
with our estimation in the sense that the term proportiona
ugeeu4 is not suppressed bym.

The total cross section for (n̄an̄b→JJ) is equal to
s tot(nanb→JJ) on replacingV with (2V).

5. The processesn¿J\n̄ or n̄¿J\n

These processes are the opposite of antineutrino and
trino decay and hence the kinematical conditions are sim
If Va1Vb is negative~positive! the processnaJ→ n̄b ( n̄aJ
→nb) can take place with cross section

s5
~2p!

4pquv12v2u
ugabu2

uVa1Vbu
p

F ~2 !
b

F
~p1q!

3d~cosu2cosu0!, ~30!

wherep and q are the momenta of the initial neutrino an
Majoron, respectively. u is the angle between the two in
tial states and

cosu05211
~p1q!uVa1Vbu

pq
.

F (2)
b

F
(p1q) is the Fermi factor for the final state.

6. The Majoron decay J\n¿n or J\n̄¿n̄

The decayJ→nn (J→ n̄ n̄) is the opposite of the interac
tion nn→J ( n̄ n̄→J) and therefore the kinematics are sim
lar.

For Va1Vb,0 (Va1Vb.0), the Majoron can decay
into na1nb ( n̄a1 n̄b) and the decay rate up to a (uVu/pi)

2

correction is given by

dG5
ugabu2

8p

uVa1Vbu
pi

E
0

pi
Fa

F~pf !Fb
F~pi2pf !dpf ,

~31!
07301
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wherepi andpf are the momenta of the Majoron and eith
of the final neutrinos, respectively.Fa

F and Fb
F are the

Fermi factors, reflecting the fact that in the core of the s
pernova some states are occupied by already present ne
nos.

7. The processesn¿J\n̄¿J and n̄¿J\n¿J

The amplitude forne1J→ n̄e1J has two singularities in
the t channel due tonm exchange. Using a similar discussio
to that in Sec. II B 4, it can be shown that these singularit
may be considered as two successive three-point interac
^n̄euJnm&^nmJune& and^Junenm&^n̄enmuJ&. This yields a cut-
off ;uVmu/10 around the singularity to determine the fou
point interaction. In the case of head-on collision, where
initial particles are within a small solid angle;(V/p)2

!4p around cosu521, there is another singularity in thes
channel, which can be considered as^n̄eJun̄m&^n̄muneJ&. We
recall that any discussion aboutnm applies tont as well,
because these states are completely equivalent for super
evolution. The total cross section forneJ→ n̄eJ can be evalu-
ated as

1

~2p!2uv12v2up1p2
FaUgem

2 1get
2 U2S m2

Vm
2 /10D 1bUgeeU4GFF,

~32!

wherea;b;1 andFF is the Fermi blocking factor for the
final neutrino. A similar discussion holds forn̄eJ→neJ, and
the corresponding cross section is also of the form of
~32!.

The processesnm1J→ n̄e1J, ne1J→ n̄m1J, n̄m1J
→ne1J, and n̄e1J→nm1J also have singularities in thet
channel due tonm exchange and can be considered as t
successive three-point processes. Following the same dis
sion as in Secs. II B 3 and II B 4, we use the cutoff;Vm/10
to evaluate the cross section for the four-point interactio
The cross sections of these processes have the form

1

~2p!2uv12v2up1p2
FaUgemgmm1getgmmU2S m2

Vm
2 /10D

1bUgeegemU2GFF, ~33!

wherea;b;1 andFF is the Fermi blocking factor for the
final neutrinos. The processesnmJ→ n̄eJ and n̄eJ→nmJ can
also have singularities in thes channel only if the initial
particles are almost parallel, i.e., if their relative angle
sides within a small solid angle;(V/p)2!4p around 180°.
We can safely neglect such states.

For the processnmJ→nmJ, there is no singularity and it is
straightforward to show that the cross section is of the fo

1

~2p!2uv12v2up1p2
~augmm

2 1gmt
2 u1bugmeu2!. ~34!
5-7
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8. The processesn¿J\n¿J and n̄¿J\n̄¿J

In general, the processn1J→n1J has a singularity in
the t channel. With a similar discussion as in Sec. II B 3, w
can show that this singularity can be evaluated as two s
cessive three-point interactions^Junn&^nnuJ& resulting in a
cutoff of the order ofV/10 for evaluation of the four-poin
interactions. Using this cutoff, the cross section is of
order of

ugu4

~2p!5uv12v2up1p2
lnS p1p2

V2/100DFF, ~35!

whereFF is the Fermi blocking factor for the final neutrino
If the initial particles undergo a head-on collision@i.e.,

they are within a small solid angle;(V/p)2 around 180°#
there will be another singularity in thes channel which can
be considered aŝnJun̄&^n̄unJ&. The processn̄1J→ n̄1J
has one singularity which can be evaluated as^n̄uJn&
3^Jnun̄&. Again, the cross section is of the form of Eq.~35!.

III. SUPERNOVA CORE WITHOUT MAJORONS

The dynamics of a supernova explosion is described
number of articles and books~e.g., @22#!. Here we review
only the aspects of the supernova explosion that are rele
for our calculations.

Very massive stars (M.8M(), at the end of their life-
time, develop a degenerate core with a mass around 1.5M(

made up of iron-group elements. As the outer layer burn
deposits more iron that adds to the mass of the core. E
tually the core reaches its Chandrasekhar limit, at which
Fermi pressure of the electron gas inside the core ca
support the gravitational pressure, and the star collapses.
collapse forces nuclei to absorb the electrons viae21p
→n1ne . At the early stages, the producedne can escape
from the core but, eventually, the core becomes so dense
even neutrinos are trapped. The layer beyond which ne
nos can escape without scattering is called the ‘‘neutr
sphere.’’

As the density of the central core reaches nuclear den
(r.331014 g/cm3), a shock wave builds up which propa
gates outward. We will refer to the preshock stage as
infall stage. This stage takes only around 0.1 s. As the sh
wave reaches the neutrino sphere, it dissociates the h
nuclei. The dissociation has three different results:~1! It con-
sumes the energy of the shock, so that the shock eventu
stalls; ~2! it allows neutrinos to escape more easily;~3! it
liberates protons that interact with the electrons presen
the star (e21p→n1ne), giving rise to the famous ‘‘promp
ne burst.’’ The promptne burst deleptonizes the star but ca
ries only a few percent of the total energy.

The stalled shock should regain its energy. Otherwise
cannot propagate further and give rise to the spectacular
works. According to the models, this energy is provided
ne diffusing from the inner core to outside. The density ofne
inside the inner core is very high. The corresponding Fe
energy is;200 MeV while the temperature is only aroun
10 MeV. At the beginning the temperature of the neutri
sphere is around 20 MeV. So the diffused neutrinos le
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their energy as they travel outside, warming up the core. T
energy can revive the shock.~In fact, this mechanism is con
troversial@22#, but we will not use the shock revival mecha
nism for our calculations. Most of our calculations are r
lated to the inner core, which is free of these controversi!
The temperature in the outer core increases to 40 MeV;
tually, the outer core and the neutrino sphere become war
than the center. At the outer core, neutrinos of each type (ne ,
n̄e , nm , n̄m , nt , andn̄t) are present. These neutrinos esca
the star and deplete its binding energy@Eb5(1.5– 4.5)
31053 erg @18##.

Two kinds of ‘‘upper’’ bounds can be imposed on th
neutrino-Majoron couplings by studying supernova evo
tion.

~1! If the coupling constant is too large, the processne
→J1 n̄e , during the infall stage, deleptonizes the core a
according to the models@27# a successful explosion canno
occur. This bound was correctly studied in@14,15# and the
result isgee&231026.

~2! If the coupling is nonzero, Majorons can be produc
inside the inner core and can escape freely from the s
depleting the binding energy. The observed neutrino pu
from SN 1987a coincides with that predicted by current
pernova models. This means that the energy carried awa
Majorons ~or any other exotic particles! should be smaller
than the binding energy. The Majoron luminosityLJ as large
as 1053 erg/s could significantly affect the neutrino puls
Here, we will take LJ,331053 erg/s as a conservativ
maximum allowed value. This gives an upper bound on
coupling constants.

If the coupling of Majorons is larger than a ‘‘lowe
bound,’’ the Majorons will be trapped so strongly that the
luminosity will be small. We will discuss this case later.

Let us review the characteristics of the core. The inn
core (R,Rinner;10 km) to a good approximation is homo
geneous. The density in the inner core is around
31014 g/cm3. The distributions of all types of neutrinos fo
low the Fermi-Dirac formula withTinner;10– 30 MeV and
different chemical potentials@28,29#. As mentioned earlier,
the chemical potential forne is around 200 MeV. So inside
the inner corene is degenerate while the density ofn̄e is
negligible (mn̄e

52mne
52200 MeV). The suppression o

the density ofn̄e is due to absorption on electrons. In the fir
approximation, the chemical potentials fornhm and nht are
equal to zero. In Ref.@30#, it is shown that, because th
interactions ofnm and nt with matter are slightly stronge
than the interactions ofn̄m and n̄t , their chemical potentials
become nonzero: mnm

/T5mnt
/T.5T/mp,1. We will ne-

glect mnm
and mnt

in our analysis. In fact the large unce
tainty in the determination of the temperature affects o
results more dramatically. The presence ofm in supernovae
can break the equivalence ofnm and nt . However, we ne-
glect this effect and treatnm andnt in exactly the same way
In Table I, we show the values ofVe and Vm (5Vt) at
different instants after the bounce inside the inner core. T
values ofYe andYne

are taken from Ref.@28#.

Outside the inner core,Rinner;10 km,R,Rout;15 km,
the density ofne is much lower,mne

/T&1, but instead the
5-8
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density ofn̄e is higher than in the inner core. In fact, in th
outer core (Rinner,R,Rout), thermal equilibrium for neutri-
nos is only an approximation. To evaluate the role of
outer core in Majoron production, we setmne

5mnm
5mnt

50. The density in the outer core drops from 531014 to 5
31013 g/cm3. The temperature in the outer core dro
abruptly @28# such thatT(R5Rinner)535 MeV while T(R
5Rout);2 MeV.

Different models predict different values for paramete
e.g., the predictions of different classes of models forTinner
vary from 10 to 30 MeV@29#. Moreover, the production o
Majorons can distort the density distributions. Consider
these uncertainties, the simplified model that we have
voked is justified. With this approach, we will be able
examine the prediction of all models for the Majoron lum
nosity.

IV. BOUNDS ON COUPLING CONSTANTS

In this section we explore the role of Majorons in th
cooling of the supernova core. In Sec. IV A, we derive
upper bound onugeeu assuming the produced Majorons lea
the core without being trapped. In Sec. IV B, we derive up
bounds ongmm , gtt , gme , and gte , again assuming Ma
jorons leave the core immediately after production. In S
IV C, we show that, for couplings lower than the bounds
have derived, the four-point interactions are negligible.
Sec. IV D, we derive the limits above which Majorons b
come trapped.

A. Bounds on zgeez

As represented in Table I, immediately after the boun
Ve is positive, but eventuallyVe decreases and becom
negative, whileVm andVt are negative from the beginning
As long as Ve.0, the interactionsne→ n̄e1J and ne
→nm(t)1J are kinematically allowed but the latter is su
pressed by a factor of (m/p)2&10216. So we will consider
only the interaction

ne→ n̄e1J.

This interaction depletes the energy of the core at a rate

LJ5
ugeeu2Vemne

4

12~2p!3 3~4/3pRinner
3 !. ~36!

We should note that this interaction not only carries ene
away but also deleptonizes the core:

TABLE I. The values of the effective potentials at differe
instants after bounce without Majoron production.

t ~s! Ve ~eV! Vm5Vt ~eV!

0 2.3 211.7
0.5 1 212.3
1 20.3 212.8

1.5 21 213.1
07301
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dYL

dt
522GYne

522
gee

2 Ve

8p
Yne

, ~37!

where we have used the fact thatnn̄e
!nne

. We know that the
core is inb equilibrium. Since the rate of theb interaction is
faster than G @~rate of b interactions!/G
;48pGF

2mne

3 T2/gee
2 Ve] and at equilibrium the density o

electrons is one order of magnitude larger than that of n
trinos, we expect that the densities of the neutrinos are
affected by Majoron production. In other words, the Fer
energy,mne

, andYne
are still given by Ref.@28#. However,

deleptonization by Majoron emission can affectVe dramati-
cally because different terms inVe}(3YL1Yn21)/2 cancel
each other (Yn!YL.0.3). Therefore, in the presence of Ma
joron emission,Ve vanishes faster. Let us evaluate the ma
mum energy that can be carried away by Majorons throu
ne→ n̄e1J in the stage whenVe is positive. To have an
estimation, we can approximate

dVe

dt
52bVe2a, ~38!

where

b5&
3

8p
GF

r

MN
ugeeu2Yn

and a reflects the deleptonization effect without Majoro
emission. According to Table I,a.2.6 eV/s. If we neglect
the variation ofYn , r, anda with time, we conclude that

Ve~ t !5S Ve~0!1
a

bDe2bt2
a

b
,

so that, aftert15(1/b)3 ln@Ve(0)b/a11#, Ve vanishes. The
energy carried away by Majorons up tot1 can be approxi-
mated as

EVe,05
gee

2 mne

4

12~2p!3 34/3pRinner
3

3S Ve~0!

b
2

a

b2 ln
Ve~0!b1a

a D . ~39!

For gee*1027, EVe,0 converges to 431051 erg. Increasing

gee increasesLJ , but, on the other hand,Ve vanishes in a
shorter period. It is easy to show that, for any value ofgee,

EVe,0,431051 erg!Eb .

Therefore the energy loss at this stage does not affect
star’s evolution and hence we do not obtain any bound.

As shown in Table I, about one second after the c
bounceVe turns negative. As we discussed earlier, in t
presence of neutrino decayVe changes its sign even faster. I
a medium with negativeVe , the decayne→ n̄e1J is not
kinematically allowed and insteadn̄e→ne1J can take place.
However, we know that, in the inner core, the density
5-9
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electron antineutrinos is quite low (mn̄e
;2200 MeV while

T;10 MeV), so this interaction will not have any role in th
cooling of the inner core. In such a medium, energy will
carried away by the process

ne1ne→J. ~40!

In previous literature the possibility of this interaction w
not discussed. The interaction~40! diminishes the lepton
number by two units. Again, we see thatmne

andYne
will not

be much affected by this process, but thatVe will decrease
faster. In contrast to the previous case, a faster decreaseVe
is a positive feedback for the process and leads to the en
depletion. The energy carried away from the inner core
the process in Eq.~40! is now

LJ5
7

12
ugeeu2uVeu

mne

4

~2p!3 3S 4

3
pRinner

3 D . ~41!

To evaluate a conservative upper bound onugeeu, we set
uVeu equal to 0.3 eV,mne

5200 MeV, andR510 km; then,

LJ52ugeeu2310663S Rinner

10 kmD 3S Ve

0.3 eVD S mne

200 MeV
D 4

erg

s
.

Around one second after the core bounce, the total neut
luminosity Ln is about 531052 erg/s. So the conditionLJ
,331053 erg/s yields the conservative bound

ugeeu,431027S Rinner

10 kmD 23/2S Ve

0.3 eVD
21/2S mne

200 MeV
D 22

.

~42!

In Ref. @14#, a bound onugeeu is obtained by studying the
energy loss vian̄e→ne1J which mainly takes place in the
outer core,Rinner.10 km,R,Rout.20 km. The result is
L( n̄e→ne1J)5few31064ugeeu2 erg/s. So the conservativ
bound L( n̄e→ne1J),331053 erg/s implies ugeeu,4
31026. The bound in Eq.~42! is one order of magnitude
stronger because the total number ofne in the inner core is
very high. In Ref.@15#, a bound is imposed due to the pr
cessesn1n→J1J and n→n1J ~n denotes both neutrino
and antineutrino!. However, the energy carried away is ove
estimated due to an improper treatment of the three-p
subprocesses. We will elaborate on then1n→J1J process
in Sec. IV B.

B. Bounds onzgµaz and zgtaz

In this subsection we discuss the processes involvingnht
and/or nhm . These processes include

~a! nm,t1nm,t→J, nm,t1ne→J

and

~b! n̄m,t→J1ne,m,t .

The processn̄m,t→J1ne can take place only in the oute
core where electron neutrinos are not degenerate. Both
07301
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cesses~a! and~b! can distort the distribution of matter insid
the star. However, that calculation is beyond the scope of
paper. But we can argue that it is a good approximation,
the purpose of computing upper bounds, to use distributi
with vanishing chemical potentials fornt and nm @28#. For
simplicity we rotate (nm ,nt) to a basis such thatgmt50.
Note that, since the chemical potential is diagonal andVm
5Vt , it will be invariant under this rotation. In the new
basis, we can write, for the inner core,

dnnm

dt
2

dnn̄m

dt
52@rate~ n̄m→nm1J!2rate~nmnm→J!#

2rate~nmne→J!, ~43!

where we have neglectednn→JJ interactions. The sum o
the chemical potentials fornm and n̄m must be zero,m
[mnm

52mn̄m
; therefore,

nnm
5E 4p

~2p!3

p2dp

e~p2m!/T11

while

nn̄m
5E 4p

~2p!3

p2dp

e~p1m!/T11
. ~44!

We expect that for small values ofugabu the chemical poten-
tial remains small. Let us supposeum/Tu!1 to solve Eq.
~43!; then we can determine whether this assumption is v
or not. Forum/Tu!1,

nnm
.

4pT3

~2p!3 ~1.811.64m/T!,

nn̄m
.@4pT3/~2p!3#~1.821.64m/T!,

and we can rewrite the right hand side of Eq.~43! as

ugmmu2uVmuT3

2~2p!3 H 0.1223.28m/T2~0.34

10.25m/T!
ugemu2

ugmmu2

uVm1Veu
uVmu

mne

2

T2 J , ~45!

wheremne
is the chemical potential of the electron neutrino

Inside the supernova core, neutrinos and matter are in t
mal equilibrium, and since the energy density of matter
much higher, we expect that the rate of thermal change
to these processes is small:

U dT

T dtU;UEne
dnnm

/dt

Eb /volume
U! dnnm

nnm
dt

.

So dnnm
/dt2dnn̄m

/dt.8pT3/(2p)331.64d(m/T)/dt. On
the other hand, for this estimation we can neglect the va
tion in Vm.&GFnB(Ye21)/2. Also, since the density
5-10
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of ne is much higher than that ofnm , we can neglect the
variation ofmne

. Therefore, Eq.~45! tells us thatm/T con-
verges to

S 0.1220.34
ugemu2

ugmmu2
uVe1Vmu

uVmu

mne

2

T2 D Y S 3.28

10.25
ugemu2

ugmmu2

uVe1Vmu
uVmu

mne

2

T2 D .

Now, it is easy to show that, for (ugemu2/ugmmu2)3(mne

2 /T2)

,37, um/Tu remains small regardless of the values ofugemu
or ugmmu themselves. Forugemu.6ugmmuT/mne

, um/Tu di-
verges to values larger than 1 and the above analysis is
longer correct~remember that we had assumedum/Tu!1). In
this case, nm will disappear after
;@(ugemu2/100p)Vmmmne

2 /T2#21 but, on the other hand, th

density ofn̄m will increase~the chemical potential become
negative! and this calls for recalculation of the density di
tributions. We can make a similar discussion fornt . Let us
supposeugemu,6ugmmuT/mne

and ugetu,6ugttuT/mne
and

continue from here.
Now let us evaluate the Majoron luminosity using t

distributions given in@28#. Neglecting the Majoron emissio
from the outer core, we find

L~na1nb→J!.
2

3

Rinner
3

~2p!2 Tinner
4 ugabu2~ uVa1Vbu! ~46!

and

L~ n̄a→nbJ!.
1.3

3

Rinner
3

~2p!2 Tinner
4 ugabu2~ uVa1Vbu!,

~47!

where bya andb we denotem or t. On the other hand,

L~na1ne→J!.
Rinner

3

3~2p!2 ugaeu2~ uVa1Veu!~0.2mne

3 Tinner!.

~48!

Note that, even ifgae is large, the process (n̄a→ne1J), in
the inner core, is suppressed by a factor of exp@(Tinner
2mne

)/Tinner# because inside the starne is degenerate.

Then, the requirementL,331053 erg/s implies

A (
a,bPm,t

ugabu2&831027S 10 eV

uVmu D 1/2

3S 20 MeV

Tinner
D 2S 10 km

Rinner
D 3/2

~49!

and
07301
ot

Augmeu21ugteu2,531027S 10 km

Rinner
D 3/2

3S 200 MeV

mne
D 3/2S 20 MeV

Tinner
D 1/2

3S 10 eV

Vm
D 1/2

. ~50!

We emphasize again that the above results are valid o
assuming thatugemmne

/gmmTu2,37 and ugetmne
/gttTu2

,37. Otherwise, thenm(t) annihilation will stall because
nm(t) is depleted. Meanwhile, the energy carried away due
nm(t) annihilation is of the order of

L~ne1nm~t!→J!S ugeau2

100p
Vm

mne

2

T2 D 21

;1049 erg!Eb

;1053 erg.

SoL(ne1nm(t)→J) does not impose any bound onugem(t)u.
On the other hand, since the density ofn̄m(t) grows, the
processL( n̄m(t)→nm(t)J) will even become intensified an
we expect that Eq.~49! will still be a conservative bound
For (ugemu2/ugmmu2)3(mne

2 /T2).37, the upper bound on

ugemu is imposed byn̄m decay in the outer core. Using th
distributions in Ref.@28#, we can show that

L~ n̄m~t!→J1ne!5few3ugem~t!u231064 erg/s, ~51!

which implies

ugemu,ugetu,few31026. ~52!

In Figs. 3 and 4, all these bounds are schematically depi
for Tinner510 and 20 MeV, respectively. The shadowed a
represents the range of parameters for whichLJ,3
31053 erg/s. As shown in Fig. 4, forT520 MeV, the pro-
cessne1nm→J does not impose any bound onugemu be-
cause, for any value ofugemu smaller thanA37ugmmuT/mne

~whereugmmu is below its upper bound! it cannot give rise to
a Majoron luminosity larger than the allowed value.

C. Four-point interactions

In this subsection we discuss the processesn1n→J1J
and n̄1 n̄→J1J. As discussed in Secs. II B 3 and II B 4, w
consider only the intrinsically connected contributions; t
effects of three-particle subprocesses subtracted. Using
distributions in Ref.@28# and the formulas we found in Sec
II B 3, we obtain

L~ne1 n̄m~t!→J1J!;
mne

3 Tinner
2

~2p!4 S 4p

3
Rinner

3 D
3U(

a
geagm~t!a* U2

~53!

and
5-11
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L~nm~t!1 n̄m~t!→J1J!;
Tinner

5

~2p!4 S 4p

3
Rinner

3 D
3U(

a
gm~t!agm~t!a* U2

. ~54!

In the above equations,a runs over$e,m,t%. Using the dis-
tributions in Ref.@28# and the formulas we found in Sec
II B 4, we obtain

L~ne1ne→J1J!5
1

~2p!6 S a
m2

Vm
2 /10Ugem

2 1get
2 U21bUgeeU4D

3S 4p

3
Rinner

3 Dmne

5 , ~55!

L~ne1nm~t!→J1J!5S 4p

3
R3D mne

3 Tinner
2

~2p!6 S a8Ugemgmm~t!

1getgtm~t!U2
m2

Vm
2 /10

1b8Ugeegem~t!U2D , ~56!

FIG. 3. The bounds on coupling constants forT510 MeV and
mne

5200 MeV. The shaded area is excluded by energy loss c
siderations. The horizontal and vertical lines at 531026 and 3
31026 represent the upper bounds obtained in Eqs.~52! and ~49!,
respectively. The dashed lines show the limits above which M
jorons with energy;10 MeV scatter before leaving the core. Th
dotted lines represent the same limits for Majorons with ene
;200 MeV@see Eqs.~62!, ~63!#. The dot-dashed line schematical
represents the ‘‘lower’’ bound. We have not calculated the ex
numerical value of the lower bound, but this is an estimate
gee50. Note that the energies of Majorons produced vianmnm

→J and n̄m→Jnm are of the order of 10 MeV; that is why th
‘‘lower’’ bound can be to the left of the vertical dotted line. Th
values inside the notch~above the horizontal line at 731027) are
excluded because ofnmne→J @see Eq.~50! and its discussion#.
07301
and

L~na1nb→J1J!;L~ n̄a1 n̄b→J1J!

5S 4p

3
Rinner

3 D Tinner
5

~2p!6 ~a9ugmm~t!
2

1gmm~t!
2 u21b9ugem~t!u2!, ~57!

where m is the neutrino mass for quasidegenerate m
schemes. Ifugabu is smaller than the ‘‘upper’’ bounds in Eqs
~42!, ~49!, ~52!, the above luminosities are negligible. The
luminosities become non-negligible only if the couplings a
larger than 1025 so they do not change the ‘‘upper’’ bound
Equations~53!–~56! depend on combinations of couplings s
in general it is rather difficult to compare them with th
Majoron luminosity due to three-point processes@i.e., L( n̄a
→Jnb), L(nanb→J)]. Let us suppose that all elements a
zero except for a particulargab . Then, Eqs.~46!, ~47!, ~54!,
~56! imply that for ugmmu,531023 the three-point processe
are dominant. If all couplings butugeeu are zero, Eqs.~41!
and ~55! show that, as long asugeeu,1023, nene→J is
dominant. Comparing Eqs.~53! and ~55! with Eq. ~51! re-
veals that as long asugemu,1024 the processn̄m→neJ domi-
nates. We note that, for coupling constants of the order of

n-

-

y

ct
r

FIG. 4. The bounds on coupling constants forT520 MeV and
mne

5200 MeV. The shaded area is excluded by energy loss c
siderations. The horizontal and vertical lines at 4.531026 and 8
31027 represent the upper bounds obtained in Eqs.~52! and ~49!,
respectively. The dashed lines show the limits above which M
jorons with energy;10 MeV scatter before leaving the core. Th
dotted lines represent the same limits for Majorons with ene
;200 MeV@see Eqs.~62!, ~63!#. The dot-dashed line schematical
represents the ‘‘lower’’ bound. We have not calculated the ex
numerical value of the lower bound, but this is an estimate
gee50. Note that the energies of Majorons produced vianmnm

→J and n̄m→Jnm are of the order of 10 MeV; that is why th
‘‘lower’’ bound can be to the left of the vertical dotted line.
5-12
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‘‘lower’’ bound ~for which the produced Majorons ar
trapped!, the four-point processes can play a significant ro

D. Majoron decay and scattering

So far we have assumed that Majorons leave the star w
out undergoing any interaction or decay. Now we discuss
validity of this assumption. First, let us discuss the possi
ity of decay.~Note that, although Majorons are massless p
ticles, in a medium such as a supernova, in principle, t
can decay.! For a,bP$m,t%,

G@J~q!→na1nb#5
ugabu2~ uVa1Vbu!

8p
~0.820.27!,

~58!

where 0.8 and 0.27 correspond toq/T510 and 0.1, respec
tively. So the Majorons decay before leaving the coreG
.1/R) only if

ugabu*1025. ~59!

Because of degeneracy of the inner core, only the e
getic Majorons (uEJ2mne

u/T*1) can decay into electron
neutrinos@see Eq.~31!#. It can be shown that

G@J~q.2mne
!→ne1ne#;

Tugeeu2uVeu
4pmne

and

G@J~q.mne
!→ne1na#;

ugeeu2uVe1Vmu
8p

.

If

ugemu.731026 and/or ugeeu.531025. ~60!

Majorons that are produced in the center will decay bef
leaving the core. Note that, even beyond the neutrino sph
as long asuVu is large enough, Majoron decay can take pla
Now let us examine the interaction effect. For low values
coupling constants, the dominant interactions are (n1J
→ n̄) with the mean free path

l 21~ne1J→ n̄e!5
ugeeu2

4p

mne

q
uVeu, ~61!

l 21~ne1J→ n̄b!5
ugebu2

8p

uVe1Vbu
q Fmne

2T lnS eq/T11

eq/T D G ,
~62!

l 21~nb1J→ n̄a!5
ugbau2

8p

1

q
~ uVb1Vau!

3
Teq/T@q/T1 ln 22 ln~eq/T11!#

eq/T21
,

~63!

and
07301
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l 21~nb1J→ n̄e!5
ugbeu2

8p

0.7T

q
~ uVb1Veu!, ~64!

whereq is the energy ofJ anda andb are eitherm or t. The
requirementl 21.R21 implies that

ugeeu*631026S q

10 MeVD 1/2S 200 MeV

mne
D 1/2

3S 0.3 eV

uVeu
D 1/2

,

ugemu,ugetu*231026S q

10 MeVD 1/2S 200 MeV

mne
D 1/2

3S 10 eV

uVmu D 1/2

,

and

ugmmu,ugttu,&ugtmu*431026.

In the last case, the bound is derived forq510 MeV, T
510 MeV, anduVmu510 eV. Note that these bounds are d
rived for the parameters inside the inner core. In the ou
core,mne

is much smaller and therefore the mean free pat
much larger, i.e., in the outer core neutrinos can escape m
easily. Apparently if the coupling constants are smaller th
the bounds in Eqs.~42!, ~49!, ~50!, Majorons will leave the
star core before undergoing any interaction. F
6ugmmu(T/mne

),ugemu;231026, although the Majorons
produced in the outer core escape immediately@recalling that
the bound in Eq.~52! is extracted by studying the proces
n̄m→ne1J in the outer core#, the interaction of Majoron
particles withne in the inner core is not negligible.

For larger values of coupling, Majorons may becom
trapped or decay before leaving the star and the energy tr
fer by Majoron emission will become harder, but this do
not mean that Majoron production does not affect the sup
nova evolution. To calculate the exact effect and to extr
lower bounds on coupling constants, one needs to revisit
matter distribution and its time evolution including the effe
of energy transfer by Majorons. That is beyond the scope
this paper. Here, we have discussed only the dominant in
action modes for larger values of the coupling constants.
recall that forugu*531024 the effective mass of the Ma
joron becomes non-negligible.

V. CONCLUSIONS AND DISCUSSIONS

We have explored the energy loss from the inner core
to emission of Majorons. We found that at early instants a
the shock bounce (t&1 s) whenVe is positive, although the
decayne→ n̄e1J takes place, the period is too short to ha
significant energy transfer, and therefore the energy loss
to ne→ n̄e1J does not imply any bound onugeeu. In the next
period (t.1 s) whenVe,0, neutrino decay is no longer ki
nematically allowed, and instead the two processesn̄e→ne
1J andne1ne→J can take place. Since the density ofne is
5-13
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much higher in the inner core, the processne1ne→J im-
plies a stronger bound. We found thatugeeu,1027 @see Eq.
~42!# if the emitted Majoron leaves the core immediate
after production. We found that forugu,1027 the effect of
four-point processes (ne1ne→J1J and n̄e1ne→J1J) is
negligible. We believe that previous treatments of the re
tion ~e.g., @15#! did not correctly subtract the three-partic
subprocesses.

We have also studied the bounds on coupling of the M
joron to the muon~tau! neutrino. In the basis in whichgmt
50 @sincenm andnt are equivalent for supernova process
we can always rotate (nt ,nm) to a new basis (nt8 ,nm8 ) for
which gn

t8n
m8
50] we found the following results. Fo

ugemu2/ugmmu23mne

2 /T2,37, the processesn̄m→nm1J and

nm1nm→J imply ugmmu,831027 @see Eq.~49!# while ne
1nm→J givesugemu,531027 @see Eq.~50!#, providing the
emitted Majorons leave the core without being trapped
undergoing decay. Forugemu2/ugmmu23(mne

2 )/T2.37, we

showed that the processne1nm→J eats upnm within a short
period~leading to a negative chemical potential fornm) such
that the bound fromne1nm→J no longer applies. However
in this case, the density ofn̄m increases (mn̄m

52mnm
be-

comes positive! and the bound onugmmu @Eq. ~49!# still ap-
plies ~actually it will be a conservative one!. For ugemu
.ugmmuA37T/mne

, the n̄m decay in the outer core~where

mne
/T&1) imposes the strongest bound onugemu, which is

ugemu,few31026. These upper bounds are schematica
summarized in Figs. 3 and 4. Note that the bounds onugttu
and ugetu are exactly the same as those onugmmu and ugemu,
respectively. The bounds are parametrized in terms of su
nova parameters~T, chemical potentials,V, and the radius of
the core! so it is possible to apply the predictions of an
supernova model.

All these upper bounds come from three-particle p
cesses shown in diagrams~a! and ~b! of Fig. 2. In these
processes, all the particles involved are on shell. There
the aforementioned bounds can be translated into bound
the corresponding element of the matrixh in the derivative
23

-

et
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-

,
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y

r-

-

re
on

form of the interaction@see Eq.~2!#, using the relation given
in Eq. ~6!.

We also studied Majoron decay and the interactions t
can trap Majorons. We found that the processesne1J
→ n̄e , ne1J→ n̄m,t , and nm,t1J→ n̄m,t may have signifi-
cant effect (l 21.Rcore

21 ) only if ugeeu.6
31026(q/10 MeV)1/2, ugem(t)u.231026(q/10 MeV)1/2,
and ugm(t)m(t)u.431026, respectively. If the coupling of
Majorons to neutrinos is larger than these limits, the M
jorons cannot leave the core immediately. However, the p
cesses involving the Majoron still affect the evolution of s
pernovae, transferring energy from the inner core a
distorting the density distribution of the particles. If the co
plings of Majorons are larger than some lower bounds,
only Majoron particles that can leave the core and coo
down are those produced in~or diffused into! a shell close to
the neutrino sphere where the density decreases rapidly
increasing radius. In this region the density is too low to g
rise to a significant Majoron flux~i.e., LJ!Ln). We empha-
size that to derive the lower bounds it is not sufficient
consider the coupling constants collectively. For example
ugemu.531026, the Majorons produced viane1ne→J can
annihilate with anotherne into n̄m before escaping the core

To derive the lower bounds, one must recalculate the d
sity and temperature profiles of matter, neutrinos, and M
joron particles, which, in general, are different from tho
calculated so far without including Majoron processes. He
we have discussed and evaluated only the four-point inte
tions, which for large values of coupling constants may ha
significant effect.
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